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Abstract 

The spontaneous generation of uniform magnetic condensate in 
QED^ gives rise to ferromagnetic domain walls at the electroweak 
phase transition. These ferromagnetic domain walls are caracterized 
by vanishing effective surface energy density avoiding, thus, the do- 
main wall problem. Moreover we find that the domain walls generate 
a magnetic field B ~ lO^'^ Gauss at the electroweak scale which ac- 
count for the seed field in the so called dynamo mechanism for the 
cosmological primordial magnetic field. We find that the annihilation 
processes of walls with size R ~ W^Km could release an energy of 
order 10^^ erg indicating the invisible ferromagnetic walls as possible 
compact sources of Gamma Ray Bursts. 
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Recently there was a renewed interest in the phenomenon of the sponta- 
neous generation of the magnetic condensate both at zero [Q and finite @, Q 
temperature in three-dimensional spinorial electrodynamics. The interest in 
three-dimensional QED is not merely academic. Indeed, it is well known 
that Dirac fermions with a Yukawa coupling with a scalar field develop zero 
mode solutions near a domain wall 0]. These zero modes behave like mass- 
less fermions in the two-dimensional space of the wall. It has been suggested 
that ferromagnetic domain walls colud be relevant for the formation of the 
primordial magnetic field . The aim of this paper is to discuss a dynamical 
mechanism which induces an uniform magnetic condensate localized on the 
wall. Moreover, as we shall discuss, we find a natural solution of the domain 
wall problem so that we feel that our proposal provides a viable and realistic 
mechanism to account for the origin of the primordial magnetic field. 
The only elementary scalar fields known in high energy physics are given by 
the scalar sector of Standard Model. According to the Standard Model when 
the Universe temperature reaches the electroweak scale Tc ~ lO'^Gev, there is 
a phase transition where the scalar field aquires a vacuum expectation value. 
In order to avoid inessential compliances we shall consider a simplified model 
which, however, retains the essential aspects of the full electroweak theory. 
In our model, the scalar sector is given by a real scalar field with Lagrangian: 

c, = lid,<pr-^{<p^-vr. (1) 

At the phase transition the vacuum aspectation value of the scalar field 
assumes the values (0) = ±v. So that one may assume that there are regions 
with {(/)) = +v and (0) = —v. It is easy to see that the classical equation 
of motion admits the solution describing the transition layer between two 
regions with different values of (0): 

(/>(2;) =^;tanhf^) , (2) 



where 



A 



(3) 



is the thickness of the wall. As it is well known there is some additional 
energy associated with the wall proportional to the area. The surface energy 
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density is given by: 



dz 



2V2 



(4) 



Let us consider, now, a four dimensional massless Dirac fermion coupled to 
the scalar field throught the Yukawa coupling: 



= 'il){x)i ^ifj^x) — gYil'{x)'ilj{x)(/){x) 
In presence of the kink Eq.(|^) the Dirac equation 

[i ^ - gY(p{x)]tp{x) = 



(5) 



(6) 



admits the zero energy solutions localized on the wall [^]. Using the following 
representation of the Dirac algebra: 



7^ = i 



1 

1 



r 



r 



-r r 



a = 0,1,2 



with 

we find for the zero modes 



7° = as, 7^ = iai, 7^ = ia2, 



N 



p{x,y) 
p{x,y) 



uj{z) = exp<^—gY J (j){z')dz' 
where p(x, y) is a Pauli spinor, and 



dz uj iz] 



0FA 



r(^yA + i)- 



(7) 
(8) 

(9) 
(10) 

(11) 



It is easy to see that p{x, y) satisfies the 2 + 1-dimensional massless Dirac 
equation with the Dirac algebra Eq. (||). 

After the electroweak spontaneous symmetry breaking the unique long range 
gauge field is the familiar electromagnetic field A^. In our scheme the real 
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scalar field is the physical Higgs field, so that A^{x) does not couple to 4>{x). 
Thus the relevant Lagrangian turns out to be: 

C = -^F^,{x)F''''{x) + ij{x)[i ^ -eA - grH^m^mx). (12) 

We are interested in the case of an external magnetic field localized on the 
wall at 2 = and directed along the 2;-direction: 

A,ix) = [0,-y,--x,Oy (13) 

Moreover we shall restrict our analisys to the low-lying modes localized on 
the wall. In these approximations it is straightforward to check that the 
Hamiltonian reduces to: 

H = j £x^ + J (fx p\x,y)H^^^p{x,y) (14) 

where 

= a" ■ (tdk - eAk) (15) 

and a'' = 7^7'^, = 1, 2. If we take into account the finite width of the wall A 
we may assume that the magnetic field B is sizeable over a distance 2; ~ A. 
So that Eq.(|Tip can be rewritten as 

H = AA^ + I (fx p\x, y)H^p{x, y), (16) 

where A is the area of the wall. In the following we shall consider the surface 
energy density. Equations ([T^) and ( P^ ) show that the zero mode contribu- 
tion to the energy is given by two-dimensional massless Dirac fermions. Note 
that the fermionic contribution to H does not depend on the width of the 
wall. In the case of two-dimensional massive Dirac fermions it is known since 
long time that it is energetically favorable the spontaneous generation of an 
uniform constant magnetic field 0. Indeed the fermionic energy density is 
given by g]: 

Near the origin one finds: 

^ ' 47r ' ' 247r2 m ^ ' 
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The negative linerar term in Eq. (|T8|) gives rise to the negative minimum in 
the vacuum energy density. It is remarkable that this phenomenon survives 
to the thermal corrections, even in the infinite temperature limit 
On the other hand it can be shown that in 2+1-dimensional QED in presence 
of an external omogeneous background magnetic field with massless Dirac 
fermions it is energetically favourable to generate a constant mass term. To 
see this we follow the Cornwall, Jackiw and Tomboulis formalism of the 
effective potential for composite operators [0]. If we restrict to the case of 
a constant Dirac mass term coupled with the local operator p{x)p{x), p{x) 
being the three-dimensional Dirac field, then the relevant quantity turns out 
to be: 

n = £{B,m) - £{B,0) (19) 

where S{B,m) and S{B,0) are respectively the expectation value of the 
Hamiltonian Eq. ([TSD on the massive and massless ground state. After 
some calculations, which will be reported elsewhere, we find in the one-loop 
approximation: 



oo 



\eB\ °° / \eB\ ± 

n(B,m) = -J ^-Y J2n\eB\+m'^ + m^^ -Y , + 



v^C(l) 
87r2 



eB|5. (20) 



A dimensional analysis shows that Q{B,m) = \m\^f{^), where we recall that 
e = ^. In Fi gure 1 we report /(^) versus \m\ for fixed \eB\. We see clearly 
that the massive ground state lies below the massless ground state for any 
value of the mass. Moreover the minimum is obtained for infinite mass. 
The above analysis strongly suggests that in three dimensional QED with a 
massless Dirac fermion there is spontaneous generation of both a mass term 
for the fermion field and a uniform magnetic field. In this case, from Eqs. 
(p!6| , p!8|) we have for the surface energy density of the ground state [] 



(^QED = Sqed{B, m) = A- + 24^2 i^i • (21) 



^Strictly speaking Eq. is valid for << 1. As we shall see, our results show 

that indeed this is the physically relevant region. 
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Remarkably Eq. (^Tj) display a negative minimum at 



e 


m 


2 
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An 


m 


lA + 

^ ^ 127r 



^* = ^T-V^^^ (22) 

with 

= SQED{B*,m) = - Jt^. . ■ (23) 





m 
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327r2 


m 





To summarize, we have found that in presence of the kink solution Eq. (|^) 
of the Higgs field there are massless fermion modes localized on the wall of 
the kink. In the one-loop approximation the zero modes becoming massive 
generate a constant magnetic field on the wall lowering the surface energy 
density by the amount given by Eq. (p3D . Thus the total surface energy 
density of the wall is: 



2^2 , /- |m|3 
a = a, + a^En = ^vVX- ^| (24) 



12n 



where we recall that A = 

The negative surface energy density induced by the magnetic condensation 
increases with the fermion zero mode mass. However the stability of the 
whole system requires that a > 0. As a consequences the strength of the 
magnetic field increases up to the value such that 

a = 0. (25) 

By using the standard values v ~ 250 Gev, agEo = |^ — ily assuming 
A ~ 0.5 we find that Eq.(p5D admits one and only one positive root for \m\: 



\m\ 



1.7-lO^Gev, (26) 



and 

5* ~ 5 • lO^Gev^ ~ 5 ■ 10^^ Gauss. (27) 

Note that << 1 so that the approximation implied in Eq. (^Tj) is rather 
good. 

It is worthwhile to stress the main results we obtained. The remarkable 
phenomenon of spontaneous generation of an uniform magnetic condensate 
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in (2 + l)-dimensional QED gives rise to ferromagnetic domain walls which 
are invisible as concern the gravitational interactions. Indeed, according to 
Eq.(P5|) the surface energy density of the ferromagnetic walls is zero, thus 
solving the gravitational domain wall problem. In addition our invisible do- 
main walls generate a magnetic field at the electroweak scale whose strength 
Eq. (|27|) agrees remarkably well with the one needed for the initial seed field 
in the dynamo mechanism for generating the cosmological magnetic field [§]. 
Finally our proposal for the invisible ferromagnetic domain walls could be 
relevant for the problem of the Gamma Ray Bursts P]. Indeed the colli- 
sion of a kink with an anti-kink should proceed like the annihilation of a 
fermion-antifermion pair. In the annihilation processes the negative energy 
of the magnetic condensate becomes disposable for the production of gamma 
particles. The energy for these processes can be estimated from Eq. (]23|). 
Indeed, from Equations ( PBD and (^) we get 

aQED ^ -4.2 ■ lO'^Gev', (28) 

which corresponds to the huge amount of disposable energy per fm^ 

E ~ l/m^ ■ \aQED\ ^ 10' Gev. (29) 

If we require that the released energy in such process is of order then 
according to Eq. ( PD| ) we find that the linear dimension of the wall should be 
about lO^Km. So that we see that our proposal provides relatively compact 
sources to account for the Gamma Ray Burst. 
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The one-loop effective potential ^j'^j^^ versus |m| for \eB\ = 1. 
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